THE SPACE OF POINT HOMOTOPIC MAPS
INTO THE CIRCLE()

BY
B. J. EISENSTADT

1. Introduction. The space C(X) of real bounded continuous functions on
a topological space has been studied extensively ([9], [7], [6](?), etc.). More
recently some of this theory has been extended to the space of functions into
certain Banach spaces [5].

In the present paper, we consider the space of point-homotopic continu-
ous maps into the circle. The circle, Ry, (reals mod 2¢), can be made into an
abelian group, complete under an invariant metric. Then Rp,(X), the space
of point-homotopic continuous functions from X into Ry, is in a natural way
an abelian group, complete under an invariant metric. We give a character-
ization of Ry,(X), for X a compact connected space, as an abelian group,
complete under an invariant metric (Theorem 6.4), and a proof that for
compact X, the metric group properties of Ry,(X) determine the topology on
X (Theorem 7.1).

The characterization is obtained by imposing conditions which insure the
existence of a pseudo-multiplication by scalars (Theorem 2.2), and the exist-
ence of sufficiently many “characters” of the group (Theorems 3.7, 3.10 and
3.11). The points of X are found among the “characters” of the group by
investigating certain Banach spaces associated with the group (§4). Certain
new linear functionals are defined and a Banach space characterization of
C(X), for compact X, is given (Theorem 5.4). That the metric group prop-
erties of Ry,(X) determine the topology on a compact X follows quickly from
the similar theorem for Banach spaces [10].

2. Some metric group properties of Rz,( X). The circle R,, is taken to be
the factor group of the reals R by the subgroup I3,= {n(Zg)} where 7 is
any integer. Thus Ry, is an abelian group. We denote by j the natural homo-
morphism of R onto Ry, (j2, would be more precise. However, no confusion
results from the omission of the subscript.) We define j~!: Ry;—R by j~'(a) =«
such that —g<a=gq and j(a) =a. It follows immediately that

iGa) =a
and that for |oz| <q, 77 '(j() =a.
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If we define p(a) = lj—l(a)l, then the function d(e, b) =p(e—>b) is an in-
variant metric on Ry, under which Ry, is complete. The space of all continuous
functions from a topological space X into R, denoted by R}, is made into
a metric abelian group by defining

(fi + f2(2) = filx) + fo(x), o(f) = sup {p(f(2))}, and d(f1, f2) = p(f1 = fa).

The metric is invariant, convergence is uniform convergence, and R;f, is
complete. Now the space of point-homotopic continuous functions from X
into Ry, Ryq(X), is the component of the identity in Ry [4]. Thus it is a
closed subgroup of RY, and it too is an abelian group complete under an
invariant metric. Moreover, for each ¢>0, U.= {fEqu(X)|p(f) <e} gener-
ates Ry,(X). In what follows, the word group will denote an abelian group,
complete under an invariant metric, and generated by U.= {a|p(a) <e} for
each €>0. In addition we assume, with no loss of generality, that g=1.

DerinNiTION 2.1. If 0 ER and ¢ &€ U1 C Ry, then aa=j(aj(a)).

This pseudo-multiplication by real scalars can be extended to U; C Rz (X)
by defining (of)(x) =a(f(x)). Since each operation used in Definition 2.1 is
continuous (5! is continuous on U;), the function afER«ﬁ. Moreover {tf } for
0=t=<a is a homotopy from 0(x)=0() =7j(0) to of and so af &Ry (X).

Some of the properties of scalar multiplication in a Banach space are pre-
served by this pseudo-multiplication. Thus it can be readily verified that, for
a, BER and a, b& U1 C R, (X), the following relations hold.

(P1) |a|p(a) <1->Blaa) = (Ba) (a).

(P2) (e¢+B)a=aa+fa.

(P3) p(a)+p(d) <1>a(a+bd) =aa+abd.

(P4) |a|p(a) <1->p(ca) =|a|p(a).

(P5) 1la=a. .

DEeFINITION 2.2. A group G is a pseudo-Banach space if a multiplication
by reals can be defined on U;CG which satisfies P1—P5.

Thus we have

THEOREM 2.1. Ry (X) is a pseudo-Banach space.

The next theorem shows that the property of being a pseudo-Banach
space is a metric group property.

THEOREM 2.2. A group G is a pseudo-Banach space if and only if, for each
aE U CG, there exists a unique isomorphic isometry, is: [0, p(a) | =G such that
ia(p(@)) =a. { [0, p(a)] represents the closed interval in R with end points at 0
and p(a). The isomorphism applies whenever o, B and a+B all belong to
[0, p(a)].}

Proof. (a) Suppose G is a pseudo-Banach space. For each a S U;CG, de-

(®) The symbol 6 will denote the identity element in a group. The symbol 0 will be re-
served for the zero of the reals.
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fine 7,(a) = (a/p(a))a. Then by PS5, 4,(p(a)) =a; by P2, 7, is an isomorphism;
and by P4, 7, is an isometry. Now suppose Z; is another such map. It follows
from PS5 and P2 that for m any positive integer ma= Y ., a. Thus for m and
n positive integers such that m=<n we have d,(mp(a)/n)=(m/n)a
= (m/n) (34 (p(a))) = (m/n)(nid (p(a)/n)) and i (mp(a)/n) =mid (p(a)/n). But
by P1, mil (p(a)/n) = (m/n)(nil (p(a)/n)). Thus i, and i/ are equal on a
dense set of [0, p(a)] and since they are isometries they must be identical(4).
(b) Suppose 7, is a unique isomorphic isometry taking p(e) into a. For
&R and a>0 define & to be the smallest integer such that a=a. Define

s =& [i., (% p(a))] fora > 0,

ag =0 fora =0,

as = — ((—a)a) for e < 0.

Since inverses and multiplication by integers are well defined in any
group, the preceding definitions give a precise meaning to aa.

The proof that this multiplication satisfies P1-P5 involves much in-

tricate detail and is not given here. It may be found in the author’s disserta-
tion,

LemMA 2.1. If G is a pseudo-Banach space, then for each bEG and each €
such that 0 <e=<1, there exists a =R and a S U, such that ca =b.

Proof. Since U, generates G, there exist elements a, - - -, @, in U, such
that b= > 7_; a;. Choose a =7 and let a= > 7., (1/a)a;. Then

o(@) £ 3 o(1/a)ay).

=1

By P4, p((1/a)as) = (1/a)p(a:) and so
kd 1 1 €
@) <3 p(—a.) -3 —he <Zse

i=1 a =1 O

Thus a € U.. Moreover Y r, p((1/a)a;) <e<1 and so by repeated applica-
tion of P3aa= ) 1, a((1/a)a;). But byP1,a((1/a)a;) =a;andsoca= D _r-,a;
=b.

LEMMA 2.2. If G a is pseudo-Banach space, and if for a© U, and a ER and
different from zero, ca =0, then either a=0 or p(a) =2/ | aI .

Proof. If § =aa = (a/2+0a/2)a then, by P2, (¢/2)a= — ((a/2)a) = (—a/2)a
and (1/2)((a/2)a)=(1/2)((—(a/2))a). Now if p(a)<2/|a|, then |a/2|p(a)
<1), and we have by P1 that (1/2)((e/2)a) =(a/4)a and (1/2)((—e/2)a)

(4) Since P3 was not used in establishing the existence and uniqueness of %4, the proof of

sufficiency will prove that P3 is a consequence of P1, P2, P4, and P5. This can easily be estab-
lished directly.
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=(—a/4)a and (a/d)a=(—a/4)a=—(a/4)a. Thus 0=(a/4)a+(a/4)a
=(a/2)a. But by P4, p((a/2)a) = |a/2]p(a) and if this is zero, p(a) =0 and
a=0.

LemMA 2.3. If G a pseudo-Banach space, the map of RXU,—G given by
(o, @a)—aa is continuous.

Proof. We show that the neighborhood V of (ay, @¢) defined by V
={(«, a)||e—ao| <min [e/2, 1/p(a)] and p(a—as)<min [e/2| o], 1/|ao],
1—p(ao)]} maps into the € neighborhood of aa.

For (e, a)EV

aad — apldy = a(d i do) + aly — gy = a(a - do) + (a _ ao)do
= Olo(a —_ do) + (a - ao)(d - do) + (a —_ ao)do

= ao(a - do) + (a - ao)d

by P3, P2, P2, and P3 respectively. Then p(aa—aao) =p(aola—ao))
+po((a—ao)a) <e/2-+e€/2<e by P1 and P4.

In what follows we shall use properties P1-P5 without specific reference,
taking care always that the hypotheses of the statements are satisfied.

DEFINITION 2.3. An element 2EG is a root of unity if there exists an inte-
ger n such that nk=0. The set of roots of unity we denote by H and the clos-
ure of H in G by H.

H and H are subgroups of G in the usual sense.

The elements of HCR;,(X) have special metric properties as well. The
following lemma makes this explicit for the case where X is a connected space.

LEMMA 2.4. If X is connected, then h& H C Ry, (X) is a constant function and
if p(h) <1, then for gE Roo(X) such that p(k)+p(g) <1 we have either p(h+g)
=p(k)+p(g) or p(h—g) =p(k)+p(g).

Proof. Suppose B & HC Ry,(X). Then there exists an integer # such that
n(h(x))=0 for all x€X. Thus h(X) CA = {aERy|na=0}. But k(X) is con-
nected while the set 4 is discrete and so % is a constant function. The defini-
tion of the metric then implies that the elements of H are constant functions.
From this fact plus the definition of the function p, the second part follows
immediately.

We are led to the following definitions.

DEeriNITION 2.4. If p(a)+p(b) <1 and if p(a)+p(b) =p(a+b), then the
pair {a, b} is positive.

DEFINITION 2.5. If ¢ € Uy CG and if for all b€ Uy CG either {a, b} or
{a, —b} is positive, then a is a constant of G.

DEFINITION 2.6. A pseudo-Banach space G is a space with constants if
H>= {0} () and if all the elements of HN U, are constants of G.

(5) We assume H > {0}, as otherwise G is essentially a Banach space.
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THEOREM 2.3. If X is a connected space, then Ry (X) is a space with con-
stants.

Proof. Theorem 2.1 and Lemma 2.4.

3. Subspaces and characters. A basic theorem in the classification of
Banach spaces is that every Banach space B is equivalent to a closed sub-
space of C(X) for some compact topological space X [1]. The points of X are
found among the continuous linear functionals on B. The existence of suffi-
ciently many such functionals is assured by the Hahn-Banach theorem [3,
p. 55]. In this section we prove that under modified definitions of equivalence
and subspace, every space with constants is equivalent to a subspace of Ry, (X)
for some ¢=1 and for some compact connected space X.

DEFINITION 3.1. Two groups G and G are equivalent if there is an iso-
morphism I:G—G such that I is an isometry on U, and such that I(Uy) = U,.
{For this definition we do not require that G and G be complete.} It is
clear that the relation of equivalence is symmetric, reflexive, and transitive.

DEeFINITION 3.2. A subset G’ of a pseudo-Banach space G is a subspace of
G if G’ is a subgroup (in the ordinary sense) and if, for a0 and a &€ U:CG,
aa &G’ if and only if e €G'.

DeriniTION 3.3. If G’ is a subspace of a pseudo-Banach space G, then
L:G'—>Ry, is a character of G’ if

(P'1) L(a+b)=L(a)+L(d),

(P’2) l j"l(L(a))I =<p(a) whenever p(a) <1,

(P’3) L(aa) =alL(a) whenever p(a) <1.

From the definitions it is clear that G’ may be all of G.

THEOREM 3.1. The characters of a subspace G’ of a pseudo-Banach space G are
continuous on G’'.

Proof. By P’1, L is a homomorphism. But for 0 <e<1 and e€UNG’,
[ YL@)| <e
and so L is continuous at the identity and therefore continuous on G’.

THEOREM 3.2. If G’ is a subspace of a pseudo-Banach space G and if L:G’
— Ry, satisfies P'1 and P’2, then L is a character of G'.

Proof. For a€ UiyN\G’ and » any positive integer, #n((1/#)a) =a. Then for
m any integer P’1 gives (m/n)L(a) = (m/n)L(n((1/n)a)) = (m/n)(nL((1/n)a)).
But Ry, is itself a pseudo-Banach space and by P2 #np(L((1/%)a))
=n|j“(L((1/n)a)) l =np((1/n)a) =p(a) <1. Thus we have (m/n)(nL((1/n)a))
=mL((1/n)a) =L((m/n)a) by P'1, and (m/n)L(a) =L((m/n)a). By Theorem
3.1 and Lemma 2.3 both aL(a) and L(aa) are continuous in a. Since they are
equal on a dense set of R, they are equal for all a &R and L satisfies P’3 on
G.

The usual boundedness restriction for linear functionals on a Banach
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space would translate here to | j“l(L(a))| = Mp(a). However, this plus P’1
does not imply P’3. The proof uses strongly that M =1 and the theorem is
falsewithout it. For let G’ CRy([0, 1]) bethe set {f&Ry([0, 1])|f(x) =j(a+Bx)}
and define L(j(a+8x)) =j(a—(3/2)8). It is easily verified that L satisfies
P’1 and that lj“lL(f)l =<4po(f). However,

(1/DLG(= 1/2 + ) = (1/2)j(= 1/2 = 3/2) = (1/2)j(= 2) = (1/2)0.= 6,

while L((1/2)j(—1/2+x)) =L(j(1/2)j7j(—1/2+=%))) =L(j(—1/4+(1/2)x))
=j(—1/4—-3/4) =j(—1) 0.

Since in the construction of characters we have no other way of insuring
that P’3 be satisfied we must use the stronger form given by P’2.

THEOREM 3.3. If G’ is a subspace of a pseudo-Banach space G and L’ is a
- character of G’, then there exists a character L of G such that L=L' on G'.

Proof. The proof is a modification of the similar theorem for Banach
spaces [3, p. 28]. If G’ =G we are through. If G’ G, there exists an element
a&E(G—G')N Uy, since Uy generates G. For b, and b, any elements of
G'N\Uyz and for B and B; real numbers such that 0 <8;<1 and 8 =min (84, B:)
we have, by P’1 and P’2, that

G - v Gt = e G- )
(=) — o (=8)% =40 (= 8, — b
’{(ﬂl‘ g N T R

B B )
P =2,
p(ﬁx ' B2 ?

GG
)= e} - - o)

and so

R0 R G Ry
o (Ze )b — A (S < o( 26— s,
I { (51 l) 7 B2 ’ _p_ B1 ' B

= p(ﬁﬁlb1+ﬁa)+p(ﬁ%bz+ﬂa>

I\

since

and so

8 B B B
— —p(b — — YL (b)) £ — p(b — — YL/ (by)).
ﬁzp(a'l'ﬁza) ﬂzj (L'(d2)) = ﬁlp(1+l310) 61] (L'(51))
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Dividing by B gives
1 1 1 1
(3.1) — —p(bs + B2a) — — j7UL (b)) = — p(bs + Bra) — — UL/ (b1)).
B2 B2 B1 B1
Since (3.1) holds for all 8, B2, b1, and b; we have

1 1
m = lLu.b. {-— — p(bz + Bea) — —j_l(L'(bz))}
(3.2) by,B2 B2 B2

1 1
=< glb. {— p(b1 + Bia) — —j“(L’(bl))} = M.
b8 B1 B

Let G = {c€G|c='ya+b for any y&ER and bEG’}. For a fixed c€G”, ¥
and b are uniquely determined. If ya+b=+'a+b’, then (y—v)a=b'—bEG".
But ¢&G’ and G’ is a subspace, thus y=v" and so b=0b". ‘

Choose a&R such that m<a=<M and define L":G""—Ry, by L"(c)
=j(ye) +L'(d).

We show that G” is a subspace and that L’ is a character of G’’. That G”
properly contains G’ and that L”"=L’ on G’ is immediate.

G" is clearly a subgroup (in the usual sense). Suppose c&G’MNU; and
073CR. Let 1=2 max (3], (1/2)|sy]). Then (n/8)((8/m)c—(dv/ma)
=c—ya=b&G'. Therefore (8/7)c— (v/n)aEG’ and 9((8/n)c— (8v/n)a)
=dc— (8y)aEG’, and so 8¢ EG"”. Now suppose p(c) <1, 0#dER, and that
0cEG"”. Then dc=v'a+b’. Let n =max (2, ['y'/&| ). Then 76((1/n)c—(v'/nd)a)
=y’ EG’ and (1/9)c—(v¥'/n8)aEG’, so that

2W((1/n)e — (¥'/nd)a) = ¢ — (¥'/8)a €G’, and ¢ EG".

Thus we have proved that G” is a subspace.

Now L"(ci+c)=L"(v1ie+bi+v2a+b:) =L"((7:1+7v2)a+ (b1+52))
=j((vi+7v2)a) + L' (b1 + b2) = j(71e) + L (b1) +j(720) +L'(b2) =L" (c1) +L" (co)
and P’1 is satisfied. Now suppose c=va+b&EG" and p(c) <1. If y=0, P'2 is
immediate. If 40, let 6=max (2, |4/'y|). Then 67{(1/67)0—(1/5)11}
=c—ya=bEG’ and so (1/8y)c—(1/8)aEG’. Moreover p((1/8v)c—(1/8)a)
<1/441/4=1/2. Thus in (3.1) we may put by =b,=(1/8y)c—(1/6)a and
Bi=B2=(1/8). We get

o) (e L)
05 (e L)

and so | a/8+5-1(L'((1/8v)c— (1/8)a))| <p((1/v)6) = (1/| 8] )o(c) and | yer-+
byi~H(L'((1/57)c— (1/3)a))| p(c) <1. But j-1(j(8)) =B for |B| =1 and so

A
3
A
5]
A
S



1954] SPACE OF POINT HOMOTOPIC MAPS INTO THE CIRCLE 69

p(o) = |1 {j('Ya) + j(éw’“ (L' (% ‘T %“)))} l
= |7 {itved + ov(1 (% =5
= | i + 2 (o1 ;e - T

as L' is a character on G’ and satisfies P’3. Thus p(c) = [j~! {j(ya)+L'(d) }]
=|71{L"(c)}| and L satisfies P’2 on G"".

By Theorem 3.2, L is a character of G"’. Then by transfinite induction
there exists a character L of G such that L=L’ on G’.

Theorem 3.3 does not prove the existence of characters on a pseudo-
Banach space G. We must first exhibit a subspace G’ of G and a character of
G’. At first glance, the real multiples of an element in U; might seem to do
for G’. But this is not necessarily a subspace of G (Corollary 1 to Theorem
3.5). We show, however, that H is a subspace of G and that if G is a space
with constants, there exists a character taking H into R, for some ¢=1.

THEOREM 3.4. If G is a pseudo-Banach space, H is a subspace of G.

Proof. Suppose h& HNU; and 0#a&R. Then there exist ;& HNU; and
integers p; and ¢; such that k;—k and p;/¢;—a. Since h;&H, there exist
integers #; such that #n;h;=0. Then n:q:((p:i/q:)h:) =p:(n:h;)=0 and so
(ps/qi)h:€H. But by Lemma 2.3, (pi/q:)hi—ah and so ahEH.

Now suppose 0#a &R, & Uy, and ah & H. If ® <0, then ah= — {(—-a)h}
and (—a)hE€H. Thus we may assume a>0. There exist k;&H such that
hi—ah. Thus there exists an I, such that p(ak—%;) <1 whenever 2= I and so
(1/&)(ah—h;) is defined for i = I. Moreover a[(a/a)h— (1 /&) (ah — hi) | =ah—ah
+h,EH and since & is an integer, a;=(a/a)h—(1/&)(ah—h;)EH. But
a;—(a/a)k and so (a/a)h & H. Since (a/a)h E Uy, by the first part of the proof
(&/e)((e/@)h) =hEH.

LEmMa 3.1. If {a, b} is positive (Definition 2.4) and if «=0, B=0, and
ap(a) +Bp(b) <1, then {aa, b} is positive.

Proof. For either a or 8 equal to zero, the result is immediate. We assume
a=(3>0. Since ap(a)+Bp(d) <1, ap(a)=p(aa) and PLp(b)=p(Bb). Thus
(1/a)p(ca+pb) = (1/a)(p(aa) +p(Bb)) =p(a) +(B/a)p(b) =p(a) +p(b) <1, and
(1/a)p(ca+pb) =p((1/c) (ea+pb)). But p(aa) +p(8b) <1 and so(1/a)(aa+5b)
=(1/a)(aa)+(1/a)(Bb) and since ap(a) <1 and Bp(d) <1, (1/a)(aa+pd)
=a+(B/a)b. Now p(a+(8/a)b) =p(a+b— (1 —B/a)b) Zp(a+b) — (1 —B/a)p(b)
=p(a)+p() — (1 —B/a)p(b) =p(a)+(8/)p(b). But the opposite inequality
is always true and so p(a)+(B/a@)p(b) =p(a+(B/a)b) =p((1/c)(ca+pb))
=(1/a)p(aa+pb). Thus p(aa+pBb) =ap(a)+Bp(b) =p(aa)+p(Bb) <1 and so
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{aa, Bb} is positive.

LEMMA 3.2. If G is a space with constants, hEH, hy&H, and {hy, hy} is
positive, then p(hy—hs) = |p(h1) —P(hz)l .

Proof. (1/2)k+(1/2)h,&HN\Uy; and is therefore a constant of G. More-
over p((1/2)h+(1/2)hs) +p((1/2)hr— (1/2)h2) =p(h1) +p(h2) <1, and so either
{ (/2 (1/2) ks, (1/2)h = (1/2)ha} or {(1/2)hA(1/2)ha, (1/Dha— (1/2) 1}
is positive. If the first pair is positive we have
p((1/2) ks + (1/2) h2) + p((1/2) k1 — (1/2) ko)

= p((1/2) b1 + (1/2)h2 + (1/2) by — (1/2) hs) = p(h1)

Thus p((1/2)l—(1/2)k2) = p(h1) — p((1/2)1+ (1/2)h2) = (1/2)p(h1) — (1/2)
-p(kz) by Lemma 3.1. If the second pair is positive we have p((1/2)k,— (1/2) k)
=(1/2)p(hs) —(1/2)p(h,). Since p((1/2)h1—(1/2)h;) =0 we have in either case
that p((1/2)h—(1/2)hs) = (1/2)| p(h:) —p(h2)| and multiplication by 2 gives

p(hy — hs) = I p(h1) — p(hs) !

THEOREM 3.5. If G is a space with constants, 0Z#h&HNU,, and ho& H,
there exists o &R such that ah=h, In particular if p(ho) <1, then hq
= % (p(ho)/p(h))h.

Proof. By Lemma 2.1, there exist &{ € U,y and BE R such that Bid =h,.
Now & is a constant of G and so either {k, h{ } or {h, —h{} is positive. If
{h, h{ } is positive, then by Lemma 3.1, {(o(hd)/2p(h))h, (1/2)h{ } is posi-
tive. By Theorem 3.4, both these elements belong to H and so by Lemma 3.2,

i = 7%) = G ) =+ (3 )

=0

ll (hd) ! (hd)
—2Po 2Po

and so

1 hq
h = P( o)

1 Bp(kd) L
2 2p(k)

p(k)
If {r, —h{} is positive we get ho=(—PBp(h{)/p(h))k and the first part of the
theorem is proved.

Now if p(ho) <1, we may choose k{ =(1—p(k))ho and B=(1/(1—p(h)).
Then ko= % (0(ho)/p(h))h.

COROLLARY 1. If G’ is a subspace of a space with constants, then G' DH.

Proof. Since 0&G’, HNU,CG’ as h&EHNU, implies there exists an »
such that nh=0. Therefore ah &G’ for all «ER and so HEG'.

1
k and ho=25(?h¢{)=
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COROLLARY 2. If G’ is a closed subspace of a space with constants, then G’
is a space with constants.

Proof. By Corollary 1, G’DH = {0} and since it is closed it is complete.

LEMMA 3.3. If G is a space with constants, and 0=h & HNU,, there exists a
real number oy >0 such that ah=0 and such that 0 <a <oy implies ah#0.

Proof. Let 4 = {a>0|ah=0}. By Lemma 2.2, 4 is equal to {aéZ/p(h)|ah
=0} and by Lemma 2.3, 4 is closed. Thus if 4 is not empty, ax =glb..csa
has the required property. But 4 cannot be empty. For choose k& H such
that %o5<60. Then there exist an integer 7, such that n¢hy=0 and, by Theorem
3.5,a real number a0 such thatah =h, Thusl=n,(ak)=(n)h=—(nex)k
= (—noa)k. Now either nox or —noa is positive and so belongs to 4.

COROLLARY. ah =0 if and only if o =nay for some integer n.
DEFINITION 3.4. Let ¢i=(1/2)anp(k). By Lemma 2.2, g =1.

LeMMA 3.4. If G is a space with constants, and h&HN U, and h%0, then
H is equivalent to Ry,.

Proof. For ho& H, there exists, by Theorem 3.5, « &R such that ak=k,.
Define I: H—Rq,, by (ko) =j(ap(h)). We show that /; is uniquely defined
and gives an equivalence between H and Ry,,.

(a) If ho=ah=ph, then (8—a)k=0 and 8 —a=na, (corollary to Lemma
3.3). Thus j(ap(k)) —j(Be(k)) =j((a —B)p(k)) =j(nonp(h)) =j(n(2¢)) =0and I,
is uniquely defined.

(b) Iu(B1+he) =In(cnh+onh) =j((cr+an)p(h)) =j(oup(h)) +j(czp(h)) =Iu(hy)
+14(k2) and I; is a homomorphism.

(c) If ln(ho) =0, then ap(h) =2nq, and a=nas and ho=ah=0. Thus I, is
an isomorphism.

(d) If p(ho) <1, ko= =% (o(ho)/p(k))k by Theorem 3.5. Thus |j~(la(ko))|
=| 771G ((o(ha) /p())p(R)))| =p (ko) and l; is an isometry on HN U,

(¢) Suppose a€ Ui C Ry, Let a=(1/p(h)){j'(a)} and hy=ah. Then
ho€ U CH and (ko) =j(j-'(a)) =a. Thus I3 maps UiyNH onto UiNRy,.

Thus (Definition 3.1) I; gives an equivalence between H and Ry,.

CoroLLARY. If EHNU, and k' %0, then gn =gqn and Ly = +1;.

Proof. By the lemma, H is equivalent to both Rs,, and Ry, and so Ry,
is equivalent to R,y . This implies immediately that ¢5=g. Now the only
continuous isomorphisms of R,, onto itself are the identity and the reflec-
tion (a——a). But Iy (5;") is such a map and so Iy = /5.

Thus we may drop the subscript % from g; and define ¢=(1/2)asp(k) for
any k€ HN U, such that k6. We choose_one of the two equivalence map-
pings of H onto Ry, and denote it by I. The other is then —I.

We have already proved
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THEOREM 3.6. If G is a space with constants, then 1: H—Ry, is a character
of H.

THEOREM 3.7. If G is a space with constants, then for each a < U, there
exists a character L of G such that L=1on H and | j"‘(L(a))| =p(a).

Proof. By Theorems 3.3, 3.4, and 3.6 there exist characters of G equal to
lon H. If «€H, |7(L(a))| =|i((a))| =p(a) and we are through. Sup-
pose a& H. For each k& HNU,, I(h) or I(—h) =j(p(k)). Choose hyEHN Uy s
such that ko520 and (ko) =j(p(ko)). Since ko is a constant of G, there exists b
such that b=+ (1/2)a and {%,, b} is positive. From the proof of Theorem 3.3,
there is a character L of G equal to I on H such that L(b) =j(M) where M
=g.lb.uernvy,, oazt {(1/B)p(h+B1d) — (1/1)j~'((k)) }. By Theorem 3.5,
hi= % (p(h1)/p(h0)) ho.

(@) If hi=(p(h1)/p(ho))ko, then by Lemma 3.1 p(h1+Bid) =p(h1) +Bip(b),
and(b)thus (1/B0)p(h+B1b) — (1/81)7~ (k1)) = (1/B1)p(h1) +p(b) — (1/B1)p (k1)
=p(b).

(b) If hy=—(p(h1)/p(ho))ho, then

1
_— h]_ 1b ——‘_llhl b) — — hl — hl— b
p( + Bid) B](()) p(d) ﬂp()+Bp() p(d).
Thus M=p(5) and L(5) =j(o(b)). Then

|7 EL(@) | = | 772 @(£28)) | = | 77U 2L(B) | = 2| 775 (o(8)) | = 20(8) = p(a).

Let G be a space with constants. The set of characters of G which are ex-
tensions of ] is a topological space under the point open topology. We de-
note this space by S.

THEOREM 3.8. The space S is connected.

Proof. Suppose Ly and L; belong to S. For 0 Sa =<1 we define L,: G—Ry,
as follows. For b&EG, there exist a&E U, and ¥ ER such that ya=5b (Lemma
2.1). We put L,(b) =Lo(((1 —a)y)a) +L1((a'y)a) Using strongly the fact that
Ly=L,=1on H, one may verify that L,(d) is uniquely defined and that L,
€. Since |7 (La(t) ~Las®))| =i Lo((@0—a)7)a) | + |7 La(((a—e0)r)a)]
<2|y||e—as|, the map a—L, is a continuous curve connecting Lo to L; in
S. Thus S is connected.

THEOREM 3.9. The space S is compact.

Proof. See Theorem 6.1 which is independently proved. A direct proof,
duplicating the proof that the unit sphere in a conjugate space is compact in
the weak-star topology, can be given.

THEOREM 3.10. If p(a) 2 1, there exists LES, such that |j-Y(L(a))| 2 1.
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Proof. Suppose |j~1(L(a))| <1 for all LES. There exist & Uys and BER
such that 8b=a (Lemma 2.1). Now p(a) =1 and so IB | =3 which implies
that B[L(b)—(1/B)L(a)]=BL(b)—L(a)=0 for all LES. The function
f: S—R;, defined by f(L)=L(b)— (1/8)L(a) is continuous (Lemma 2.3 and
the definition of the point open topology). Since S is connected (Theorem
3.8), f(S) is connected. Now the set C={cERy|Bc=0} is totally discon-
nected, and f(S)<C. Thus f(S)=c,. Moreover |j='(co)| =|i=2(L(0))]
+1771((1/8)L(a))| <2/3.

Let h=1I"(c;). Then L(b—hk)=L(b)—co=(1/8)L(a), and |j~*(L(b—h))|
<1/|B| for all LES. But there exists L& S such that | j=(Le(b — h))| =p(b—F)
(Theorem 3.7) and so p(b—hk)<1/|B|. Thus 1>|B|p(b—h)=p(Bb—pk)
=p(a—Bk). But I(Bh) =PI(h) =PBco=0 and Br=0. But then p(a) <1, contra-
dicting the hypothesis.

Theorems 3.7 and 3.10 combine to give

THEOREM 3.11. If G is a space with constants and if b0, then there exists
LES such that L(b) #6.

THEOREM 3.12. A group G is equivalent to a closed subspace G’ of Reo(X)
for some ¢=1 and for some compact, connected space X, if and only if G is a
space with constants.

Proof. (a) By Theorem 2.3 and Corollary 2 to Theorem 3.5, G’ is a space
with constants. But G is equivalent to G’ and it follows that G is a space with
constants.

(b) Suppose G is a space with constants. Then G uniquely determines an
Ry, for ¢=1 (Lemma 3.4 and corollary), and the space S is a compact, con-
nected space. We define I(b) {L} =L(b) for all LES. The choice of the point
open topology on S insures that I(b) is a continuous function on .S and so
I:G—Rs,

By P’1 and Theorem 3.11, I is an isomorphism. Since U, generates G, I(U,)
generates I(G). But I is an isometry on Uj, by P’2 and Theorem 3.7, and so
I(Uy) CR2y(S) and therefore I(G) CRa(S). Moreover if p(I(b)) <1, then
p(b) <1 (Theorem 3.10) and so I(Uy) =T CI(G). Thus we have proved that
I:G—I(G) CRy(S) and that G is equivalent to I(G). It remains only to show
that I(G) is a closed subspace of Ry, (S).

Suppose fEI(G)NTh, then there exists 8& Uy such that I(b) =f. Then
(af) (L) =a(1(0)(L)) =L (b) = L(axb) = I(etd) (L) EI(G).

Now suppose that f&E Rz, (S), p(f) <1 and for some a#0, af €I(G). Thus
af =1(b) for some bEG. There exist BER and a & U; such that Ba=b. Let
y=max [4, [4B/a|]. Then ya[(8/ve)(I(a)(L)) —(1/7)f(L)]=BL(a) —af(L)
=L(b) —L(b)=0. Then, as in the proof of Theorem 3.10, (3/va)(I(a)(L))
—(1/v)f(L) Ecogqu and p(co) <1/2. Let h=1"(co). Then (1/v)f=(B/vx)I(a)
—I(h)EI(G)NTU, and so v((1/v)f)=fEI(G). Thus I(G) is a subspace of
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R,,(S). Since an equivalence map is a local isometry in both directions, com-
pleteness is preserved and the completeness of G implies that I(G) is complete
and therefore closed.

4. The associated Banach spaces. If G is equivalent to R,(X), the ele-
ments x of X give rise to characters of G. We wish to be able to identify these
characters in terms of the metric group properties of G. We begin by examin-
ing certain Banach spaces associated with G. In this section, G is assumed to
be a space with constants.

For L,&S, we denote by G, the set {aEG]Lo(a) =0}.

LeMMA 4.1. If a &Gy, there exists bEGy\U; and BER such that Bb=a.

Proof. By Lemma 2.1, there exists ¢& Uy, and BER such that Bc=a. Let
h=1"Y(Ly(c)). Then Lo(c—k) =6 and p(c—k) =p(c) +p(k) =p(c) + |5~ (Lo(c))|
<2o(¢c)<1. Thus b=c—hEGy\U;. Then Bb=B(c—h) =Pc—PBh=a—pLk. But
I(Bh) = Lo(Bh) =Lo(Bh—a) = —Lo(B(c—h)) = —BLy(c— k) =0 and so Bk =0 and
Bb=a.

LEMMA 4.2. If by, b,EGN\Us, B, B2ER and Biby=Bsbs, then |Bi|p(by)
=|B2| o(b2) and for any aER, (af1)b1 = (aB2)b2EGo.

Proof. From P’3, (af:)b: and (af:)b:EGo. Now if B;=p,=0, the conclu-
sions follow immediately. Thus we may assume | ﬁl| = |[32| and 3:#0. Then
26:1((1/2)b;— (B2/2B1)bs) =0 and so (1/2)by— (B:/281)b EH (Theorem 3.4).
But  1((1/2)b1— (B2/2B1)b2) = Lo((1/2)b1— (B2/261)b3) =6 and so (1/2)b
=(B2/281)b: (Lemma 3.4). Therefore (1/2)p(b1) =p((1/2)b1) =p((B2/28)b2)
=(|B:]/2|B1|)p(b2) and |Bi|p(bs) =|B:|p(bs). Moreover, multiplying our
equality by 2aB; gives (af1)b: = (af2)0bs.

Using the B and b of Lemma 4.1, we define

(1) for each e E€G,, p'(a) = |B|p(b), and

(2) for each a €EGy and each a ER, aXa=(af)b.

The uniqueness of these definitions follows from Lemma 4.2.

Let G{ be the space whose elements and underlying algebraic group struc-
ture are those of Gy, but with this new metric and multiplication by reals.
That is, using @’ to denote the element @ in G, we have ||a’|| =p’(a) and aa’
=(aXa)'.

One may readily verify

THEOREM 4.1. G{is a Banach space, and G4 1is equivalent to G,.

Let G’ be the vector direct sum of G{ and the reals, G'=GJ ®Re. For
a'+ae€G’, we define ||a’+ael| =vp(((1/7)Xa)+k) where y>max [2]o/]],
2|a| ] and B=1"1(j(a/7)).

LEMMA 4.3. ||/ +ce|| is uniquely defined.
Proof. Suppose v;, ¥2>max [2”a’”, 2|a|] and ;272 Then I((ve/v1)ks)
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= (v2/v)(h2) = (va/v1)i(@/72) =j(a/v1) =I(hy) and(v2/¥1)he=hy. Thus (v2/1)
“((1/72) Xa+ho) = (v2/71) ((B/72)b+hs) = (B/v1)b+ b= (1/71) Xa+hi. Thus
Y10((1/71) Xa+h1) =vp((v2/v1) (1/72) Xa+h2)) =vp((1/72) Xa+hs).

|A direct verification then gives

THEOREM 4.2. G’ =G{ ® Re is a Banack space.

DEeriniTION 4.1. An element b of a Banach space B is a unit element if
for every aEB, either ||a+3|| =||a|]| +1 or [la—b| =||a||+1 [8].

LEMMA 4.4. The element e=0"+1e &G’ is a unit element.

Proof. For any a’+aeEG’, choose y>max [2]|a/]|, 2|a|+2] Now £
=["1(j(1/v)) is a constant of G. Assume {(1/7))(a+h k} is positive.
Then [|a’+ae+¢]| = vo((1/7) Xa+1-'(i((@+1)/7))) =vo((1/7) Xa+h+ )
=vp((1/7) Xa+h)+vp(h) =||a’ +ae|| +1. If {—(1/v)Xa—h, k} is positive,
the same argument gives ||a’+ae—e¢|| =||a’ +ae]| +1.

LeEMMA 4.5. No: G’—R, defined by No(a’ +ae)=a, is a linear functional of
norm 1.

Proof. )\, is clearly linear and clearly |[A]|21. But |Ao(a’+ae)| =|a]
= l';l la/v| = 7|77 Zo((1/7) Xa+1)| = |7|p((1/7) Xa+F) =||a’+ae|| and
SO 0

For a ﬁxed g=1, there is a natural mapping of C(X), the Banach space of
bounded, continuous, real-valued functions on X, into Rp(X) given by
G(®)) (x) =5(b(x)). For G'(X)CC(X), we assume for j(G'(X)) the metric,
group properties induced on it as a subset of Ry (X).

THEOREM 4.3. If X is compact, then j(C(X)) is equivalent to Ryy(X).
Proof. Theorem 1 of [4].

LeEmMMA 4.6. If X is connected, and if G'(X) is a linear subspace of C(X)
containing the function e(x) =1, then j(G'(X)) is a subspace of Ry(X).

Proof. Since the map j is a homomorphism, j(G’(X)) is an algebraic sub-
group of Ry, (X).

(a) Suppose a’(x) EG'(X) and j(a'(x)) € UiCRy(X). Consider the func-
tion j~1(j(a'(x))) —a’(x) =f(x). Since j~! is continuous on U, f is continuous
and since X is connected, f(X) is a connected set. But j(f(x)) =6 and so f(X)
Clyy= {n(2q) } . Thus j~!(j(a'(x))) =a'(x) +2nege(x) for some fixed integer #,.
Thusj~(j(a'(x)))and aj~'(j(a' (x))) EG'(X). Thena {j(a’ (x)) } =j(ei~*(j (@' (%))))
€j(G'(X)).

(b) Now suppose b(x) € UyCRy,(X) and for some a0, ab(x) =j(a’(x))
for some a’'(x)EG'(X). Choose < >max ((4/|a| )”a’(x)”, 4). Then
ya[(1/7)b(x) —j(a’(x)/ye)|=0. Then by Theorem 3.4 and Lemma 2.4
(1/7)b(x) —j(a’ (x)/ya) =j(Be(x)) €5(G'(X)). Thus (1/7)b(x) E(G"(X))N U1



76 B. J. EISENSTADT [July

By (a), 7((1/7)b(x)) =b(x) €j(G'(X)).

THEOREM 4.4. If X is connected and G'(X) is a linear subspace of C(X),
then G is equivalent to j(G' (X)) if and only if

(1) G'(X) contains e(x) =1, and

(2) there exists an equivalence map of G'=GJ @ Re onto G'(X) such that
e— te(x) under this equivalence.

Proof. (a) Suppose G is equivalent to j(G'(X)). Let ¢: G—j(G’'(X)) be the
equivalence map. Then for 0%k S HCG, i(h) EH CRz(X) and by Lemma
2.4, i(h) =j(Be(x)) for some B7#2nq for any n. Thus, there exists f(x) EG'(X)
such that j(f(x)) =j(Be(x)). Since X is connected, f(x)=(B8+2n.q)e(x) and
since G’(X) is a linear subspace and 8427950, e(x) EG’(X). Thus condition
(1) is satisfied.

We proceed to prove condition (2). It is clear that the map (k) =j(B) is
an equivalence map of H onto Ry, Thus on H, ¢= +I. Define &(x) = +e(x)
or &(x) = —e(x) depending on whether 4= 41 or = —I. Then for o’ +aeEG’,
choose 'y>”a’” and define I(a’+ae)=7{j1[i((1/7)Xa)]} +aé(x).

(1) I is uniquely defined for if 6=+, (1/8) Xa=(v/8)((1/v) Xa) and

(i <o)l =4 [{GE <))
s [T <o)}
s{imi[+ (5 (32

Y
- /1
AT

(2) I(G")CG'(X). For if a’+ae€G’, i((1/v) Xa) =j(f(x)) for some f(x) in
G'(X). Then v {;j7[i((1/7) Xa) ]} +aé(x) =7(f(x) +2nge(x)) +#(x) EG'(X).

(3) I(e)=é(x).

(4) Iislinear. Itis clearly a homomorphism. Moreover if ¥’ =8a’ = (8 Xa)’,
I +B(ae)) = 7|8 {5 [i((1/7 BJ)Xb)]}+ﬁaé(x)=7lB| {7 laca/vl8))
X (8X)) 1} +Be(x) =v| 8] (8/|8]) 17 [i((1 /) X ) |} +Baxi(x) =BI(a’ +a).

(5) Iis norm-preserving. For if ||a’+ae|| <1/6, |a| <1/6 by Lemma 4.5
and so ”a’ ” <1/3 by the triangle inequality. Then we may put y=1 in the
definition of ||a’+ae]|, and we have

lla’ + ael| = p(a + ) = p(i(a + b)) = p(i(a) + i(k))
= p(i(a) + F{G UMW) (&) }) = ||772(i(a) + F{ Gk @) ]
= |l571(i(a) + jlae(x))|| = ||li2(i(a)) + e&()|| = ||I(a’ + o)
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(again taking y=1). Thus [ is norm-preserving on Uys. But I is linear and
so I is norm-preserving on G’.

(6) I maps G’ onto G'(X). For suppose b’'(x) ©G’(X). There exists a EG,
and REH such that i(a+k)=j('(x)). But j(I(a’)) =1(a)=j(b'(x))—i(k)
=i (%) = i{ G7Um) @) } =i {b'(x) — (G7UR))(E(x))} and I(a') =b'(x)
—(GN(k)+2nq)(e(x)). Thus I(a’+ (G U(k)+2ng)e) =b'(x).

Thus I is a Banach space equivalence and clearly an equivalence in our
sense.

(b) Now suppose I:G'—G’'(X) is the hypothesized equivalence. Since
I71Ly:G—H is a continuous projection, G=G,® H is a direct sum. Thus we
may define J:G—4j(G'(X)) by J(a+h)=j{I(a")+(G(U(R)))I(e) }.

(1) J is clearly a homomorphism.

) If J@+h =06, j{I@)+ G UMm)I()}=6 and I(a')=[2ng
+7-1(U(k)) | I(e) (since I(e) =é(x)). But G’ and therefore G’'(X) is a direct
sum and so I(e¢’)=0 and j~'(/(h)) = —2ng=0 as —qg<j'(l(h)) =q. Thus
a=h=0 and J is an isomorphism.

3) If f(x) Ej(G'(X)), there exist aEGy and a ER such that f(x) =j(I(a’)
+al(e)) =j{I(a")+G'(j(e)))I(e) }. Let k=1"'(j(a)); then J(a+h) =f(x) and
J maps G onto j(G'(X)).

(4) Suppose p(a-+h) <1. Now p(J(a+h)) =|lj{iI(@)+GUr)) () }].
Since j~Y(a) =« for ]al <1, we prove p(J(a+h)) =p(a+£k) by showing that
“I(a’)+(j‘1(l(h)))I(e)” =p(a+k)<1. Now G’ and G’(X) are Banach spaces
and so an equivalence between them in our sense is a Banach space equiva-
lence. Thus || I(a’)+(G1(U(R))) I(e)|| =||a’ +i~1((h))e||. Now p(k) =|i-'(U(R))]
=|7~%(Lo(k))| =|5~*(Lo(a+h))| <p(a+h) <1. Thus choosing y=max [4,
4l|a’[|], we have |la’ + j='(Uk))e| = vo((1/7)Xa + (1/7)h) since (1/1)h
=1 [( /7)1 (k)) 1} . But v{(1/7) Xa+1/v)h—(1/7)(a+h)} =6 and so
b=(/y)Xa+Q1/v)h—(1/y)(a+k)EH. But l(b)=Lyb)=0 and so b=0.
Therefore vp((1/v) Xa+(1/v)k) =vp((1/v)(a+h)) =p(a+h). Thus J is an
isometry on U; CG.

(5) Suppose p(J(a@+k))<1. Then for some fixed integer 7, 2m.g—1
<I(a")+j1(U(h))I(e) <2nmog+1 for all xEX. Thus || I(a’) + {5~ 2((k)) —27n0q }
-I(e)” =||a'+ {7-2(U(R)) ——Znoq}e” <1. By Lemma 4.5, |77'({(h)) —2noq| <1
and since —q<j~1(i(k)) <q we have n,=0 and p(k) =|j"'({(k))| <1. Thus
again vp((1/7) Xa+(1/7)h) =p(J(a+h)) <1. But since vp((1/7) Xa+(1/7)k)
<1, vo((1/y) Xa+(1/v)k) =p(a+h) and J maps U, CG onto U, Cj(G'(X)).

Thus G is equivalent to j(G'(X)).

5. Some theorems on Banach spaces. We have shown that a group Gis
equivalent to Ry,(X) for some compact, connected space X if and only if (1)
G is a space with constants and (2) G’ is equivalent to C(X) (Theorems 4.3
and 4.4). In the usual characterizations of a Banach space G’ as C(X), the
points of X are found in G’* (the set of linear functionals of G’). We wish to give
a characterization in terms of the group G. In §6, we show that the characters
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of G correspond naturally to a subset of the linear functionals of G¢ . However,
the Fr's of G{ [8], or the extreme points of the unit sphere of G¢* [2], do not in
general give the required space X.

Specifically, for G’ =G¢ ® Re, we look for a space ECG{ * such that the
natural correspondence &’ +ae—£(a’)+a (EEE) is an equivalence, and such
that G’ is equivalent to C(X) for some X if and only if this mapping takes
G’ onto C(E).

Let B’ be a Banach space with a unit element e.

DEerFINITION 5.1. If Ay is a linear functional on B’ of norm 1 whose value
ateis 1, then B= {bEB’I)\o(b) =0} is a positive hyperplane of B’. B clearly
is a Banach space and B’=B® Re is a direct sum.

DEeFiNITION 5.2. A functional AEB* is essentially positive (relative to B’)
if for all 5EB, and «ER, |\ (b) +a| =||b+ae.

In what follows the topology in B* is the weak-star (point open) topology.

LEMMA 5.1. The set S of essentially positive linear functionals is closed in B*.

Proof. Suppose N'&B* and M'&S. Then there exists b&B, a &R such
that |N'(b)+al| >|[b+ae||. The set V={NESB*| |\ () =N ()| <(|N(?)+e
—||6+ae||)/2} is open and contains N. For A€V, |\(b)+a| = |N(b) +a
—|[N@) =N @®)| > (I[N (6) +a| +||o+ae|])/2>]|b+ee]|. Thus VNS =¢ and §
is closed.

LEMMA 5.2. S s compact.

Proof. For =0, \ES, |\(b)| =||d]| for allbEB. Thus § is contained in =’
the unit sphere in B*. But Z is compact in the weak-star topology [1], § is
closed by Lemma 5.1, and § is compact.

DEFINITION 5.3. For NES, M(\) = {bEB|\ (b)) =N (b) for all N ES }.

We may order the sets M(\) by inclusion.

DEFINITION 5.4. A functional £ES is a maximal functional of § if M (§) is
a maximal set in the ordering of the sets M(\).

It can be shown that in the natural imbedding of § into Z’ (the unit
sphere in B’*), the maximal functionals do not in general map into either
Fr's or extreme points of Z’.

THEOREM S.1. If N&ES, there exists a maximal functional &, such that
MEDMN). ' '

Proof. By Zorn’s lemma, M(\,) is contained in a maximal linearly
ordered chain { M(\,)}. Define E(u) = {NES |\(b) =\.() for all bE M(\,)}.

(1) E(u) is not empty as N,EE(u).

(2) If M(\,,) CM(\,,) then E(u)DE(uz). For if NE€E(u,), A(b) =N (0)
2N, (b) for all b& M(N,,). Thus N(b) =\,,(b) for all b& M(\,,). But the op-
posite inequality always holds and so A(b) =A,,(b) for all & M(A,,) and so
ANEE(m).
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(3) E(u) is closed for E(u)=Mecmo, {(NES|N®B) =N\(b)} and is the
intersection of closed sets.

Thus {E(u)} is a family of closed, non-empty sets of §, linearly ordered
by inclusion. Since § is compact, there exists § Gn,‘{E(,u) } For any A, in
our chain, we now have £(b) =N,(b) =N(b) for all b&EM(\,) and all ANES.
Thus M(E)DMMN,). If M(\,)DM(E), then M(N,) belongs to the chain (the
chain is maximal) and so M(¢§) DM\, ). Thus £ is a maximal functional and
since M) € { M(\) }, M(EDMMNo).

THEOREM 5.2. If B is a positive hyperplane of B’, a Banach space with a
unit element e, then for each b’ ©B’, b’ =b-Pe, there exists a maximal functional

£of S such that |E(b)+8| =||¥'||.

Proof. By the Hahn-Banach extension theorem [3, p. 28], there exists a
A €B’* such that ||\{ || =1, A{ (¢) =1, and \{ (#') =infacr |5’ +ae|| —a. Now
e is a unit element. We assume first that ||6’+e|| =||¢’||+1. Then for a0,
Lemma 3.1 implies that [|b’+ae|| —a=|0|| +a—a=||#’||. (The condition
||6]| +<fl¢]| <1 is not needed in a Banach space.) For a<0, ||3’+ae
=|[o’|| = |@| —a=||#'||. Thus infocr |3’ +ae|| —a=]|t’|| and ¢ (&’) =]|¥/|

Let Ao be the functional A{ cut down to B. Since “)\o’ “ =land A/ (e)=1,No
is an element of §S. Moreover for all A\ES, A(b) +B§”b+6e” and so, for the
b and B defined by ¥, N(5) <||6+Be|]| =B =No(b). Thus 5& M(\o). But there
exists a maximal functional £ such that M(£) D M(\o), Theorem 5.1. Moreover
on M(\o), £=Xo and so £(b) +B=Na(b) +8=N{ (b+Be) =\¢ (&) =||?']|.

Now if ||o’—¢|| =] —"+e|]| =||o'|| +1, the same argument proves the
existence of a maximal functional £, such that &(—b5) —B=||b’”. Since one of
these two conditions must apply we have shown the existence of a maximal

functional £, such that |£()+8| =|[?'].

THEOREM 5.3. If B is a positive hyperplane of B’, a Banach space with a
unit element e, and E is the space of maximal functionals of S , then B’ is equivalent
to a closed, linear subspace of C(E).

Proof. We map b’ =b+PBe—f(£) =£(b) +B. The weak star topology on
ECB* insures the continuity of f. Since |£(0) +8| <||b+8e||, f(£) is bounded.
This map of B’—C(E) is clearly linear, and by Theorem 5.2 it is norm-pre-
serving. Thus B’ is equivalent to its image in C(E) and since B’ is a complete,
linear space, its image is a closed, linear subspace of C(E).

|~

THEOREM 5.4. A Banach space B’ is equivalent to C(X) for some compact
space X if and only if

(1) B’ kas a unit element and

(2) there exists a positive hyperplane B of B’, such that for any bEB and
BER, there exists 5EB and BER, such that £(b)+B=|£(b) +8| for all maximal
Sfunctionals EES.
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Proof. (a) Suppose B’ is equivalent to C(X) for some compact X. Then
e(x) =1 is a unit element. Let B be any positive hyperplane of B’ (one exists
by the Hahn-Banach theorem). To show that condition (2) is necessary we
need only show that every maximal functional corresponds to a point of
X (£(b) =b(x0) for some xoE X), for b'(x) & C(X) implies Ib’(x)| cC(X).

Let X, = {xEXI b(x) =sup,ex b(x) } Since X is compact X, is not empty.
Now the functional Ng: 5—b(x,) is an element of §. Thus for any AES and
bEMMN), ND)=No(d) =b(xe) for all x&EX. Thus for bEMMN), A(D)
Zsup.cx b(x). Now choose a=|b||. Then \(b) =||6+ae|| —a=sup.cx (b(x)
+ae(x)) —a=sup.cx b(x). Thus N\(b) =sup.cx b(x) for b& M(\). Now for b;
any finite set of elements of M(\) we have > 7., b ;&€ M()\) and so

But this implies that N}.; X3, is not empty. Since X is compact and X, is
closed we have that there exists an x;&X such that xIEQbE uoy Xp. Then
Ai: b—b(x1) is equal to N on M (N) and so we have M(\;) DM(\). Now sup-
pose A =§¢ is a maximal functional. Thus M () = M(\;) and £(d) =b(x,) for all
bEM(\). But bEB such that there exists an a&R such that b(x;) +a
=”b +ae” certainly belong to M(\,). Thus £=2)\; on these elements and by
Lemma 2.3 of [8], £=\; on B and so all maximal functionals correspond to
points of X. {The preceding also proves that all points of X give rise to
maximal functionals. }

(b) Now suppose (1) and (2) are satisfied. Let E be the closure of E in B*.
Since ECS, and § is compact, E is compact. Moreover, the map b’ =b
+ae—f(£) =£(b) +a for §EE is an equivalence map (Theorem 5.3, the addi-
tion of elements of S to E to form E does not change this property). Thus B
is equivalent to T, a closed, linear subspace of C(E). Then by the theorem
of Kakutani [6], T'=C(E) if

(1) whenever &, £EE and £ 5§, there exists fET such that f(&;) #f (&),

(2) T contains a nontrivial constant function, and

(3) T is lattice closed.

If f(&) =f(&) for all f in T, then £(0) +a=§(b) +« for all bEB, and so
Li=&.

Moreover 0+e& B’ maps into the function f(¢§) =1 and T contains a non-
trivial constant function.

Finally

MaX {£(b1) + o, £(b2) + ae}

1
=7 {6(b) + £(b2) + a1+ a2 | £(b2) — £(b1) + 2 — au }

and by condition (2) both these functions are in I, and T is lattice closed.
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Thus B’ is equivalent to C(E). By the remark in the proof of the converse
all the elements of E are maximal and so E=E.

LEMMA 5.3. If X is compact, then X is connected if and only if e(x)=1 and
e(x)= —1 are the only unit elements of C(X).

Proor. (a) If Vis a nontrivial open and closed set in X, thene(x)=1on V
and e(x) = —1 on the complement of V is a unit element of C(X).

(b) Suppose fEC(X) is a unit element. Then ||f]| =||0+f]| =|o[| +1=1,
and so |f(x)| =1 for all x. Now suppose that for some x,EX, f(xo)l <1.
There exists b& C(X) such that ”b” =1,b(x¢) =1,and b(x) =0 wherever f(x) =1.
Then ||b+f” <2 which contradicts the hypothesis that f is a unit element.
Thus if f is a unit element, If(x)[ =1 for all x&€X. But X is connected and so
either f(x)=1 or f(x)=—1.

Suppose B’ is a Banach space with a unit element e, and B; and B; are
positive hyperplanes of B’. For b,& B,, there is a unique &B; and a ER
such that by =b;+ae. For ;€S we define [i(\y) |(b2) =\1(b1) +e. It is clear
that 7is a 1-1 map of S; onto S,.

LEMMA 5.4. If £,ES1 1s a maximal funciional of S1, then 1(£)ES2 s a
maximal functional of S ..

Proof. Let M,=(M(t)+Re)N\By. For b,&M,, [i(&)](b:) =£1(by) +
2N(by) +Fa=[i(\) ](By) for all MNESy. Thus M{i(t) } DM,. Suppose M(\;)
DM(i(£1)), and M(Ne) # M(3(%1)). Then My = (M(N;) +Re)N\B, contains M (&)
properly and moreover M(:7'(\z)) D M,. But this contradicts the maximality
of £ and so M(\;) = M (2(£1)) and (&) is a maximal functional of S..

6. A characterization of R,(X). Let G be a space with constants. For
LES, we define the functional I4(L):G¢—R by [I(L)](a’) =i~ (L((1/a)
Xa)) for |a| >||a’||. The notation is that of §§3 and 4.

LeEMMA 6.1. I(L) s uniquely defined.

Proof. The ambiguity of definition arises in the choice of o How-
ever, for |’y| = Ial, (a/7)((1/a) Xa) = (a/v) X ((1 /) Xa) = (1/v) Xa. Thus
Y~ HL((1/7) Xa)) =vi(L((a/v) ((1/a@) Xa))) =vj~((a/7)L((1/e) Xa)) =i~
(((a/7)iL((1/a) Xa))) =7 ((a/7)i H(L((1/a)Xa))) =aj~(L((1/e) Xa)).

LEMMA 6.2. The functional Io(L) is an element of S o, the set of positive linear
functionals of GJ (with respect to G).

Proof. (1) [Io(L) ](af +af) =aj~* (L((1/@) X (a11a3))) = aj~(L((1/ex) X a1)
+L((1/a) Xa,)). But we may choose o> [|a{ || +/|a¢|| which makesj—* a homo-
morphism and so I,(L) is a homomorphism.

(2) [I(L))((BXa)") = 'L((1/a) X(8Xa)) where we may choose «
>max_[|8][la’], []]. Then aj='L((1/) X (8Xa)) =aj'L(BX ((1/a) Xa))
=aj 'L(B((1/a) Xa)) =aj~BL((1/a) Xa) =aj~'(j(B~(L((1/a) Xa)))) =B (e
L((1/a) Xa))=B[I«(L)](a’) and so Io(L) is linear.
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(3) For a’+BeE€G’, choose o> ||a’||+|8| and put k=I-1(j(8/a)). Then
| [1o(L)] (@) +B8| =|aj"(L((1/a) X a))+B8] = a| i L((1/a) X a))+B/a|
=a|jHL((1/2) X a)+i(B/a)) | =a| j~(L((1/e) Xa+h))| Sap((1/a) Xa+h)
=||a’+Be|| and so Io(L) ES..

LEMMA 6.3. The map Io: S—8 ¢ is a homeomorphism onto.

Proof. (1) If Iy(Ly)=1Io(Ls), then Ly=L; on Gy\U; and since GoN\U;
generates Gy, Ly=L; on Go. But Ly=L,=]! on H and so Ly=L, on G. Thus
L1=L2 and Io is 1-1.

(2) Suppose NES,. Define L: G—Ry, by L(a+hk) =j(\(a"))+I(k). L is
certainly a homomorphism and so satisfies P’1l. Moreover, if p(a+£k) <1,
p(h) <1 and p(a+h) =||a’+(~1(I(k)))e||. (See proof of Theorem 4.4.) Then
1> p(a+h) 2 |N@) +5-10R)| = |7 GO@) +57100)))| = |iT(a+m)|
and so L satisfies P’2, Thus by Theorem 3.2, L is a character of G. Since
L=1 on H, by definition, we have LES. But [I(I)](a’) =aj—'L((1/a) Xa)
=aj (N (((1 /@) Xa)")) =ar(((1/c) Xa)") =N(a’) and so Io(L) =\ and I, maps
S onto S.

(3) Since Sy is compact (Lemma 5.2), and S is clearly Hausdorff, to show
I, is a homeomorphism we need only show that I; ' is continuous. Now for
XES0,a:EGyi=1, - - -,m,and12e>0,V={LES| |7 (L(a:;) — [I5'}R) 1(as))|
<e} is a basic neighborhood of I;*(X) in S. We need choose the a;’s only from
Go as for all LES, L=1 on H and G=G,®H. Let V'={\ES,||\(a!)
—X(a{)] <e}. Thus V’ is a neighborhood of X in §. If LEI;*(V’) we have
that

| 77(L(as) = [I7*(R) 1(a0) | = | 7~ (L(s((1/es) X @) = [T (R) 1(oes((1 /i) X a:))) |
= | 7 M es(L((1/as) X 0) — o [T (R) ] (1/ats) X 2))) |
= | j7Y(f L((1/e6) X a2)
— a[I7* M) )(1/as) X @) |
= | 7745([Io(L)](a!) — X(a!)) |
= | [I(@D)](a!) — X(@!)| < &
since j~%(8) =8 if [8] <1. Thus I;*(V")CV, I;* is continuous and I, is a

homeomorphism.
We have immediately

THEOREM 6.1. If G is a space with constants, S is compact.

DEFINITION 6.1. For ZES and L,ES, let No(L) = {a €GN U1| i (I(a))
271 (L(a)) for all LES}.

As in §5 we order the sets No(L) by inclusion.

DEFINITION 6.2. FES is a maximal Gy character if No(F) is a maximal set
in the ordering.
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The correspondence between No(Z) and M(Io(Z)) {Definition 5.3} is
quite direct.

LEMMA 6.4. M(I(L)) = {a'EG{| for a> |||, (1/e) XaENW(T)}.

Proof. (Io(L))(a’) =aj~(L((1/a) Xa)). Since a >0, (Io(L))(a’) Z (Io(L))(a’)
>~YL((1/a) Xa)) 2j~Y(L((1/) Xa))and the lemma follows as I, maps.S onto
So (Lemma 6.3).

A corollary of Lemma 6.4, obtained by putting a=1, is

LEMMA 6.5. No(L) = {a EGo|a’ EM(I\(T)) and ||a’]| <1}.

THEOREM 6.2. F is a maximal G, character if and only if Io(F) is a maximal
Sfunctional of S o.

Proof. (a) Suppose M(\) DM(I,(F)); then, by Lemma 6.5, No(I5'(\))
DNy(F). But then if F is maximal, No(Zy '(A\)) CNo(F) and, by Lemma 6.4,
M) CM(Iy(F)). Thus M(Iy(F)) is maximal and [o(F) is a maximal func-
tional of So.

(b) Suppose No(L)DNy(F). Then Lemma 6.4 implies M(I,(L))
DMIy(F)). But if Iy(F) is maximal, M(I(L))CM(I(F)) and by
Lemma 6.5, No(L) CNo(F). Thus No(F) is maximal and F is a maximal G,
character.

The maximality of FES does not depend on the choice of L,.

DEFINITION 6.3. FES is a maximal character if it is a maximal G, char-
acter for all Ly&ES.

THEOREM 6.3. F is a maximal character if it s a maximal G, character for
some L& S.

Proof. The theorem is an immediate consequence of Theorem 6.2 and
Lemma 5.4. »
The final characterization may now be given.

THEOREM 6.4. A group G is equivalent to Ry, (X) for some q=1 and for some
compact, connected space X if and only if

(1) there exists a unique, isomorphic, isometry, is: [0, p(a) | =G such that
ia(p(@) =, B

(2) the elements of HM U, are constants of G,

(3) the elements of HN\U, are the only constants of G,

(4) for bEG, there exists bEG such that j'{F(8)} =|j{F(®)}| for all
maximal characters F of S.

Proof. Suppose G is equivalent to Ry (X) for ¢ =1 and for X a compact, con-
nected space. Conditions (1) and (2) follow from Theorems 2.1, 2.2, and 2.3.
Condition (3) follows quickly since a constant of Re,(X) must be of the form
f(x)=aE U1 CR;, (see proof of Lemma 5.3) and so fEHNU,. Now by
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Theorems 4.3 and 4.4, G’ is equivalent to C(X). Then by Theorem 5.4,
there exists a positive hyperplane G of G’ such that G’ =G® Re and such that
for each a’ G and each a €R, there exists ¢ G and @& R such that for all
maximal functionals £ of S, £(d@')+a= Ié(a') +a| . Let Ao be the functional
which defined G. We redefine G, using the character Lo=I;'(\o). Then
G=G¢®H and G{ =G. Now suppose bE U;. We have b=a-+% where a EG,
and BEH. Then there exist ’&G¢ and aER such that &(@')4a= lf(a')
+4-1(I(R)) |, for all maximal functionals £. Let =a-+1-'(j(a)). Now by Theo-
rems 6.2 and 6.3, the maximal characters F are exactly the elements I, '(§)
where ¢ are the maximal functionals. Thus j~'{F()} =7-{(I;'(©)(3)}
=iiE@) +i@} =i{i@) +a} =574 §@) +510m) | = |i74¢@)
+7-1(I(k)))| =|7-1(F(b))| and condition (4) is satisfied.

(b) If (1) and (2) are satisfied, G is a space with constants. Choosing any
L,ES, we have, as before, G=G®H, G'=G{ ®Re, e is a unit element of
G’, and G{ is a positive hyperplane of G’. For each a’&€G{, and each « ER,
choose y >4 max (”a'”, ||) and let k =i-Y(a/v) and b= (1/v) Xa+h. By con-
dition (4), there exists =¢+AEG, such that j~1(F(b)) =|j~1(F(b))| for all
maximal characters F. Let &’ =(yX¢)’ and a=vj~'(I(k)). Then for { a
maximal functional of Sy, £(&') +a=(I1(F))(a")+a=vj"1(F((1/y) X(yX¢E)))
+vi7HU(R) = v F(E) = | vjH(F(®))| = v F((1/7) Xa) +45~(h) | = |£(@’)
+a| . Thus by Theorem 5.4, G’ is equivalent to C(X) for some compact X.
Moreover if a’+ae is a unit of G/, then (1/v) Xa+% is a constant of G. By con-
dition (3), (1/y) Xa+hEH and so a’=0. But then |a| must equal 1 and so
te are the only unit elements of G’. But e(x)=1 and e(x)= —1 are unit
elements of C(X) and so ¢ must map into either e(x) =1 or e(x)= —1 under
the equivalence and these are the only unit elements of C(X) and so X is
connected (Lemma 5.3). Finally by Theorems 4.4 and 4.3, G is equivalent
to Ryo(X).

7. The homeomorphism theorem.

THEOREM 7.1. If X and Y are compact, and if Ry (X) is equivalent to
Roy,(Y), then g1 =qs and X is homeomorphicto V.

Proof. Let T:Ry,(X)—R2,(Y) be the equivalence. Choose a positive
integer #» such that 2¢q;/7n<1. Then fi=7(2¢1/n) SRz, (X), nfi=0 and p(f1)
=2q1/n<1. Thus n(Tf) =0, and p(Tf1) =2q/n. Since Y is compact, there
exists & ¥ such that j~1((Tf1)(v0)) = +2¢:1/n. But n((Tf1)(ye)) =0 so that
nj Y ((Tf1) (30)) =2mqe, where m is an integer. Thus ¢ = +mgq, and ¢, is an
integer multiple of ¢;. The exact same proof, using 7!, gives that ¢, is an
integer multiple of ¢;. Since ¢; and g, are both positive we have that ¢;=g¢,.

Now define the mapping T*:C(X)—C(Y) by

(T*0)(3) = [ TG(1/M)))()}]

for 7>”¢r”. It is easy to verify that T* is a uniquely defined, linear, norm-
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preserving map of C(X) onto C(Y). By the Banach-Stone theorem [10],
X is homeomorphic to Y.
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